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2. Probabilislic peA

A hrtent variable model seeks 10 relale a V-dimensional
observcd da la veclor t to a corresponding Q-d imcnsiuual
veclo r 01' latent variables \ whosc values are unlmo .... n.
Commonly. a Iinl'ar funct ion is used lo map fmm lalcnt
suhspace lo dala space:

where parameler \\' is a DxQ malrix Ibat conlains Ihe
fal' lllr loadings that achie\'Cs Ihe projecliun. allow s Ihc
dala model to have 00117CrO mean. aud € is ,lll \ .
indcpcndcnt noise proccss. By ddíning a pnor
distrihUlion uvcr \ . togdhcr ""ith the distr ihution of &.
equalion (1) induCl:s a eOITl'Sponding dislri bUlion in Ihe
da la space and lhe model paramelers may be dc tcnnmcd
by maximum Iikclihood. techniljucs.
The subspace delined hy lhe co lumns of \\' win gcnera lly
nol cOlTCspond to Ihe pr inc ipal subspacc 01' the dala.
lI uwever, prob :Jbilistic PCA (PPCA) is able ro burlJ a
lllalrix \V whose cn lumns span Ihe principal subspace 01'

drawback has bccn srudicd in rhc coütcx t uf global PCA
by severa! authors (fur cxamplc. [9] and ¡ IUj).
Thc rnodel wc nave dcvclopcd combines vec tor
quanuzanon and princ ipa l componen¡ analysis lo ob rain a
ncw neural modc l. wtuch adjusts th...• cx act dimension
rcquired tor a cluster. 111 order ro improve thc
rcprcscmauon 01' rhe samplcs il encumpasscs wnhout
human belp. Thc compcnuvc tcarmng alg.orílhm has bccn
dcsigncd lO pan ilion thc input spacc into a ser 01'rcgions.
which satisfies a compromis o bctwccn rhc bomogcncity 01'
thc clusters and thc funh fu l rcpresentauon capacuy 01' rhe
input dala. Thcn. a probabtlixnc (iaussian model captures
ibc main staus tica l info rma non. 01' ecch clust er. i.e. thc
mean and thc vanancc o fthe princ ipa l dirccnons. In cvcry
uming epoc h we cnsurc that a minimum percentagc 01'

the variancc is relamed. which usually mvolve, a change
in the numbcr 01'basis vcctors thut mus t be conservcd for
cuch cluster.
Fhis papcr is structurcd as follows. Sccnoo 2 rcvtcws
sorne probabilisnc reAcon ceprs . We describe our mecer
in Scction J. Scction 4 shows thc experimental resu lls thar
....-e have ob taincd wuh a real data ser. and conclusions are
discusS\.-d in Sec lion 5.
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Thc Principal CIJIIIIIIJIIl'/1/.\' Anuivsis is a mult ispectral
data unatysis tcehniquc, ....-hic h is airncd lo obtain thc
principa l drrcc uo us 01' thc dala . i.e.. thc maxirnum
variancc dirccnon-, (sce [ 11. [211. Il enee. if .... e ha \'e a D-
dimensional inpul space. lhe peA computes Ihe A."
principa l difl'Ctions . '"here K <./). Th is imponanl
dimcnslonalily red uClions by sck'Clmg A."« O. h has been
proved Ihat Pe' A is an op limal linear Il'Chnique for
dimensronalilY reducli nn , in the Ill('an sense (see tI]l
The origina l method. snmeli1l1es C:J lled K"rll/Il1(!I1-Loéw!
(A."[) (r¡¡11.I·¡i ,rm nr g lollo l peA , cons iders the cntire inpul
Jislribulion as a " hole and this Iimils its applicabililY. A
numhcr o f Itx:al peA met/¡odf have bo..'Cn proposcd lO
pani tion Ihe dislribuliun inlo mea ningful d us lers (see 131.
[.a]. (5)1. Thcse- Il'lo:lhods ha'C bec n widely used in Ihe
eonlexl 01'lr.msfonn eOlling lo ""omprcss mult isfll.'Clrnl and
multilayer images ( Sl.'e [6J, PIl. Funhemlo re. lhey are
uscJ in visualil atiorl 01' high -Jill1ellsional dala. which
requi res rnappillg \ll :J lower di1l1ension (Iypically. K::;3).
Altcmativcly non linear eXlensiuns uf pe A. [NI. have also
been USL"d for th is lask bul Ibey ¡mol'l: mu...·h more
compk\ ily. Sume of lne pre\'Íous leebniqucs as (5] deri'C
Pe'A from lhe pers¡x.'Clive of densily cstimalioll aOO Offl"f
a number 01'importanl advantages. Ncverthdcss. a l1 those
local peA procedurcs do nOI aJoress the probk m uf
sc lecling lhe correel number of basi s veclllrs K. This

1. Inl roduction

K[Y \\ORDS
Neura l nctworks, local peA. compcnuve leaming

1\ BSTH.ACT
\Ve prcscnt a ncural modcl which cxrcnds classical
compcuuvc leaming by pcrfonmng a Probabilistic
Principal Componcnts Analysis al cach neuron. In thc
leaming process is uulizcd a compcti t ion ru le whie h try ro
get rhc bcttcr rcprcscntanon uf the da tasc t while
maimaining thc homog cncity 01' the forrncd clu stcrs. The
modc l also has thc abilily 10 lcam the number of basis
vectors rcquired ro represen! thc principal d.rccuons {JI'
cach cluster. su it ovcrcomcs a drawback of mosr local
PCA modcls, wherc thc dimensionality 01" a cl uster 1I1USI
be fixcd a prio ri.



liledata for thc case of isouopic noisc e - N(O. d ll .a..
canSC'C in {51-

1'1'( A JlHlJll.1SCS thc folfowing cstimauons for lis
paramct crs:

1 :lo rnarnx wmch comprises the q principal
vcc tors 01' rhc covanance matnx S. wnh

lITC pondmg cigcnvalucs in thc diagona l marrix Aq. R is
murar:.; urthogonal rotanon matrix. and the noisc
r e 0"' , 1 dcfincd as:

e , ntbe cardinal 01' thc Jala ser. nnd:

\\

particula r amount 01' \ ariancc i.. infcrred by me ncrwork
itsc lf This type of ncrwork has a certain numbcr of
proc essing unu s or ncurons. Each 01' en e storcs its own
cs nmauons 01' the paramcte rs !J. W and wlnch will be
urilized lo describe the probabilisric Pt'A. The lrainiog is
achic ved in a batch mode. Le .. in cach itcrauo n. caucd
cpoch. all samptcs are prcscutcd ro thc network. Then a
compcnuvc procese is camcd OUI to sclec t thc "úming
nellron for evcry sample. After that, thc neurona are
updatcd uccording lo rhc info rmation providcd by their
new reccpuvc field. i.c. rhe sct of input'> for whic h Ihc
ncuron ;s the winn cr . Fina lly. thc rctamcd va riancc 01'
cvery cluster is analyscd . Ir thc varia ncc kcpt by rhc
cluster is under a ccrtam nunimum. thc dimcnsionaluy of
Ihe subspecc musl grow. O n the other hand. if wc
conse rve more varia ncc than ji is requircd wc try to
dccrcasc thc numbcr uf bas¡s vectors. Fortheomi ng, \\IC
prcsent in a dctailcd way thc phases 01' thc procedure
mcnnoncd abovc.

(2)

(3 )

"

3.1 Cemcetírfon among neurons

In a trcining cpoch. all sam ple , ofthc leanung datase¡ are
prcsen tcd lo thc network. For cach leaming samplc In a
compcntion is held arnong the neurons and rhc urute will
be thc wirmcr for that samp !c if thc valúe uf tbc
compcntiou rule. i.c. thc mcasure employed lo essigu thc
sarnplcs te the clustcrs. is the mirum um:

(6 ,

(5)

,}.o thc ..malle-acigcnvalucs 01' S.
r IDClln " und 01' the modc l can alsc be
red ncrarively by un cxpcctaucn-rnuximizat ion
onumuas il is dcfiucd in [5]).

\\

\lodd \\ irh a global-loca l

( 11 )

( 12)

0 0),
wherc ", 11 . ) us...-d lo be Ihe Eucl ídean di..lance bctwt:Cn
Ihe ..ampk and Ihe mean of c1u'>le r j in c lassiea l
cmnpcl itl\c neura l ne twoTks(sce 111)). or Ihe
reeonsl ruc lion dislo rtion aehieH"d by Ihe c1ul<.ICr j (Sl.'C
13]1.
\Ve proposc Ihc eompctil ion ru le

",( 1.) '" lJ , ( l . ) ...d, (I" J

wi lh 0 ,0 a funel ion ", hieh expresscs a mcasun ..mcnl in
Ihe globa l inp uI '>paee. w hereas d,rJ rd ies on some way lo
preserve Ihe homogeneilY in II)ea l subsr aees.
The «,,,"ollstruCl ion distortion lo r samplc In if we assign lO
c1usler ¡ has bo..'Cn ...:Iect...-d as lhe globa l flleasu remenl:

wh ere t :'", i.. eak ulaleu by Ihe process un il lilllowing
cq ual ion (9). Thi s a llows lo rcpn..senl Ihe dala...:1 \ 'el')'
fa ithfully.
Th e neur¡¡1 mollel musl he ah le lo represen l Ihe inpul
spaee wilh a aeeuraey, hUI we tIlUl>1 ens ure Ihe
generali7...al ion propcrty of Ihe nelWorl ís abo high
eno ugh. Therel(u e. Ihose SillllP!cS whieh prese1l1 sllla ll
reeonsl rue tion distortion rOl' neuron i bul are loo tar from
the mean 01'Ihe c1usl l'l' mu sl be pcna lized in arder to ma ke

lO '

(9,

(7 )

" TU.

Inl complc\r1Yol'O\\,OQ ).
l'd lhal PPt·, .. Ihe propcrty 01'
-'lluarcs rl'Conl<.lruclion . [n Ihis sense.

r \ l1llJ.ll\ln lO Ihe origrnal Jata veclor is

I eompcllt1\e k ami ng moJel and
11ll..'!.... ork fonned by a -.el 01' neurons

",.... I"'ll P< , whcre lhe numh er of
Il h SI \CI;I\lrl>. necded lO rela in a

a 101 \JI' eompulaliona l .... ork lo calculare thc
IItn x and c\ lral.·1 Ihe e igenval ues needcJ lO
(Walnclcr, . [t can be do ne in a direcl way,

1[1 a eomplC\lly 0 1' and 0(0-' )
..""," 1I0.... c\ cr Ihe co..1 can be redu ecd

11 11' \.'oC USl' Ihe FM algorilhm when Ihe
. ... ( t Ihe Jala IS mueh more large Ihan Ihe numbcr

1 e D Q. we esal uah: lracc(S ) m
Ihe opllmizal lon



more diffieult thcir bclonging to the cluster i. Hcnce. our
local rncasurcmcnt is defincd as u follows:

J, (ln '·II.:11 (13)

,
v.ilh .t"" thc vector cxprcsscd in thc rcdueed-
dimens iona lity represcnreuon given by tbc laten t variable

modcl ofneuron t. i.c. <. ...
Once all ccmpcrítions llave finishcd, a ncw partition of
the input datasct into M clustcrs is obnuncd whe rc cvcry
ncuron cnccrnpasscs the sarnplcs whieh are bcs r
rcprcscntcd by it, according te rhc compctition rule. trS,(II+I) =

(I-Il( 11 + I1)lrS, (/1)+'l( 1/+ 1) lrS_ (11)

Thcrcfore. the approxunauo n for thc ncxt cpoch can be
prcsc ntcd as follows:

calculatcd by mcans of equatious (51 and (61 of lht
opnrmzed EM algorithm. The valúes nccdcd lO
thcsc equauons {rhc trace of the covanancc maure aOO tIlc
matrix product SW ) can be casrly obramed Ihroogh _
adaptivc lcarning procese. similar lo the mean estimatlOll
The trace of the covanance mamx S of the cluster I •
trammg step 11 is

(14)C,-I . IV; . I... ...•t , d ') <',( ') :

3.2 Xeurcn upd alinJt

'l,(ti+ 1) = (1- 'd n + 1)) 11,(n) + " (11 + 1)11 .... (n ) (16 )

Thcn. the inforrnauon of Ihose new clusrcrs is taken into
accounr and thc update ofthe unus is earried out as it will
be cxplaincd ín the ncxt subscction .

I (> "
= (D- L )-- L ),/ = L A.r' (23!

U -Z ,. 101

and we can use rhc samc stratcgy for thc csumation at ti\(
epoch n e J:

5W, (1/ + I) :

(1-,, (11 + 1)JSW, (11) +"(n+ 1)SW,... (n)

In a similar \\ay rhc estirnation of thc matrix produet S\\
fOT neuron ; can be dcrived fmm cquation (K) as:

In any othe r silul'ltion the discarded var iance. f'z.
on Ihe Ilumber o f has is vectors of lhe Tlellron:

Thc exptaincd variancc method considcrs a variable
number of bacis vcctors }..·,ftl. which is compurcd
independently for caen neuron t. This number retlects tbt
mtrinsrc drmensionuhty of (he da la in lhe recepriw tidd
o flhe neumn, i.c.lhe sel orinputs for WhlCh Ihe neuronlll
the w inneT. Through the learn ing process Ihe mclhod
ensures that a minimum amount o f va rian¡;e is COnSl..·Th"ll
for l'ach cluster in order 10 salisfy Ihe le\el of a('eurae}
chosen by the user . The num ber of principal
wh ieh are preserved must be ll10diticJ consequently 10
reaeh thal 1evel at leasl.
In a local peA mcthod the worst reprl'scmalion error is
ob lain ...'lJ \-\ hen all the eomponents are ignorl-d and lhe Ihe
mean ís lhc only slaliMieal infonnatlon wh ieh is kepl. I,e
whcn we loSl.:: a1l the varianee relatin' lO Ihe direclion.s of
change of lhe samples. Equation (4 ) quan tifies the
varianee pcr di!'>Canled dirnensíon in a c1usler
Thus. the tOlal cluster \arianee v.hen no dircclions are
kept. .. can be Jetined as:

SW.,... (I1 )= I; ¡L(I-P 1(( '- IlJ W(II t} (21)
, '"

3.3 Thc ecplatned vartance melhud

(17 )

(1511__In" -I'IL '( , ,....

11, (11 + 1) =; 'l ,(n) + Il( 11 + 1H/J,--.. (n l- Il, (n))

Ihe mean estimalion is adaplively modilk'lJ wilh

where il is nol di niell lt lo thal geo ll1etric<l lly the mean
estimalion is appruachillg to the n::al duster mea n.
011 Ihe mher h:.md. we ¡;ompute approxim<llions lO W anJ
for evcry lll'uron. These approximalions are ilerativcly

PI'CA requires thc cstimanon of u, W and ci as wc
cxp laincd in sccrion 2. Thc cs timarion of Il is curricd out
likc in thc classica l compctuivc ncura l nctwork modc l
whcrc thc synaptic wcig hts of cach ncuron provide
informauon abou t thc cenrroid of thc cluster thc unir
rcp rcscn rs. After a uainmg epoch thc ncw cluster sarnplcs
must be considcrcd and thc mean esnmanon rnust be
adcquately updarcd according lo thar information. Thus.
lct rnc new samplcs mean fOT thc ncuron i artcr training
eJ'M.lChll

where Il ( 1/ + 1) is Ihe Icarníng rate and shows the amouot
01" know ledge Ihal the neuron can extrael frum the ne\\'
samples assigned to Ihe clus ter in opposit ion lO its actual
learned infonnali on. Inil ially. a new eonfiguralion 0 1' Ihe
c1u:-ler ha"> a 101 0 1' inl1uenee on Ihe mean csli malíon.
Howe ...er. Ihe previous kaming cITons are nol forgonen
and sume of the prl'\.·l-ding knowkdge is maintainl-d. As
Ihe Ieaming: proc.....:- l.'\"Oh·l'S the mude! fOl'US mainly in ilS
background infomlation and nl.'W dala is slightly USl..'d lO
retinc the mean appro\ imalion.
If cqualion ( Ió) is refonnula ll'd we ge l

.8



Ifweadd the lime instant n we gel Ihe cqualion lObe used
in practice:

Erom peA v,e know that the sum uf vuriunccs cquals thc
trace 01' thc covatiancc marr¡x S. thcn cquation (25) can
be simptiricd as fcllows:

K =min¡z E :O.I.... . f rtlCt'(S¡ )) ( 26)
e"'

5. Conclusion

A new IIllsupcrvised neura l mode l has presc nled . Ir
combines cOIllpt.'tili\'c Icarning W'ilh probabilist ie principal
componenls ana lysis and shows lhe abilily ro select Ihe
exae t dimcnsioll each c1uslcr need s acc(lrd ing to a qua lilY
crit erion sp!.'e ifilo'<i by th;: use r. Thlo·refo re. lhere is no nced
for a prior know tcdge aboul the dalasel which we app ly
the model on. and conscq u!.'nt ly. the aJapt iH' eapacity o f
the nelwork is no! rcsl rie ted.
ExpL·riment al results ha\e bn'll prcse nted meas urc
Ihe pcrfonnance of OUT appmach hlo'll we use il to

a l1lultidimens iona l datase !. Our modcl slighlly
outpc rtl)nns Ihe Mixture of Probabil istic Princ ipal
Componenls Ana lys is. which is a wel l-known moJel
usuall y laLcn as a referenec and authors are
T ipping and Bishop. CPPCA otter a more eond....nsed
rcpresenlat ion of the datasl:1 wilhout loss in qualil}". i.e. il
is able lO generale Ihe sarnc dislon ion error hUi using
lower d irnensillna lity in the suhspaees of Ih.: c1uslers .

\Ve havc carricd OUI experiment a \\ ith Q valúes from I lo
18 . in rhc case ofMPPCA . and with expla ined vanancc
O. \. 0.3. 0.5. 0.7.0.8, 0.9 and 0.95 in orhcr case. AIi thcsc
valúes 01' Q and cxplained vanancc have 1'k.'('I1 combined
wnh 4. X, 16. 3:! and 6-1 neu rons. A linear leaming rate
wnh an initial value 11(0 ) = 0.9 has bccn uscd 1'01' CPPCA
h has bccn traincd elong JO epochs. MPPCA rnodel only
uses 10 epocbs bccause more training time shows no
sign ifican l pe rformance unprovcmcms.
The plots of the error l f\'SPE versus the numbcr of bas is
vector; Q are shown in Figures I ro 5. We havc calc ulatcd
Ihe mean ovcr the dimensionahry 0 1' thc clusrcrs in order
ro prescnt Ih..• neural netwcrk rcsuns in rhe figures .
In all thc tests. the curve thar Iinks all thc rcsuns 0 1' our
neural ncrwork is shghtly ncarer rhc e-oonímatc axis than
thc curve 0 1' MPPCA model, which rncun s rhat our modc l
gcts bcner rcp rcscntation of the data
11' wc fixcd an amount of cxpluined variancc. we can
notice that as thc numbcr of neurona wc cmploy are
growing up thc dimensicnality (11' thc subspaccs is
nonnally diminishing. Thc cause is that thc prcsen red
modcl is ablc to make moro: humogencous cfustcrs wh ich
allow lo conserve kss vec tor bas¡s lo maintain at kasr thc
requircd user prec isión a ..
lo gene ral. the more processing unus the ncrwork
contains. rhc less the rcco nstrucnon error is ob ramed. The
le\'el of quality splo'Cified by the user Ihmugh Ihe
pararneter a is a lso ver)' important 10 dctcrmine the tinal

error. As Ihe figure<; snow. when the
p.:r(''''Illage 01'presCf\-"Cd variance is high. lo'Specially if it
is nlo'3f one. the di stortion is \ery sma l1 bccausc a1l
"'Ia tistica l infonnation is k"'Pt anJ the pn:c ision mainl y
de¡X'l1d.. on Ihe PCA melhod implemenh."d by Ihe n..·t\1.o rk.
Ilo"!.'ver 11' the amount of infonnation whieh we retam is
small. i.e. ",e prcsen'e few \'..'Clor hasi.. 01' nooe. thi s
discarded knowlcdge contribule lo increa-.e the final error
too lllUeh,

( 25 )

(27)

(24)

(28 )

f A.,p- i f ;./)
p-I p/+' ,,'

\ _ 2

,'." " ..\f.\'SPF: = L.
, .. ·1 t "

mm jze:o.I. ....fJ:
"

, l') =

r ,=

min{l e!o. l, ..,DI

Subsurunen 01'l:!:!) and (n) into (:!41 yiclds

4. •:\ perimental resuits

Our goal is to rmnimbc thc dimensión 01' thc subspucc.
.....hieh implilo'S a more co rnprcsse-d represcn tauon uf the
dala. bUI thc modc í must maimain a minimum lcvel of
quahl) u. wnh rcspcct ro thc máximum accuracy the
rrerhod can acmcvc . Let - Izbe rhe amoum 01' error
twe must rcmcmbcr tbat the more vari ancc is los t is more

the sampk-s are rcp rcsen ted accumtely¡
eliminated whcn rhc cluster subspace preserves Z bas is
'«tON thcn

We ha\e designed a set of expcrimellls to h:sl the
rrprloscnlalion ahi lily uf Ihe ncural network. rcferred as
ePl'CA in Ihe res l o f the sce lion. \Ve have ctlm pared its
rcS lllt .. wilh Ihe (lIles provided by lhe .\1 ixture uf
Probabilislie Princip al Componenls Anal ysis (MPPCA)
prcs<.'l1l <.'d by Tirping ami Bishop (see [51 l. no: mcasure
uf p<.'rfnnlWlee we llave sclected is Ihe //Iel/JI mm l1<1lí::ed
\/flwn.'d Ilroil'l'1ion l'rmr (MNSPE)

'Al lh f. - 1.. - f ...... Ih.: projlo'Ction erro r 01' Ihe lo'(>I1s idered
model for Ihal '>drnplc.
Thcdatasc:l ¡,;nrnes from the VizieR scniee (12). is
an inlimnation sys leOl 1'01' astronomiea l data . In pani.:ular.
\\c hine »l'k'Cted the Tab k Ó of Ihe Complele near-
infr.m.'d anJ op liea l phOlomctric CDFS Ca la log frum las

Infr:m.'d Suney (13). We ha\e ':.\trJe tcd :!:!
Dumcncal li..-atures from 1O.0ílO stars. IIcnce. y,c ha\e
lO.ooU sample \e¡,;lors. These data ha\e nnrmali / ed
In onk'l' lO cope "ilh the \ariabili ly ami thc 'el)'
het<.'rogenL"Ous scaling 01' [he original Jata.
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